Abstract. We give a fundament for Berezin's analytic Ψdo considered in [4] in terms of Bargmann images of Pilipović spaces. We deduce basic continuity results for such Ψdo, especially when the operator kernels are in suitable mixed weighted Lebesgue spaces and act on certain weighted Lebesgue spaces of entire functions. In particular, we show how these results imply well-known continuity results for real Ψdo with symbols in modulation spaces, when acting on other modulation spaces.
Introduction
The aim of the paper is to put a fundament for the theory of analytic pseudo-differential operators, considered in [4] by F. Berezin. This is essentially done through a detailed analysis of Bargmann images of the so-called Pilipović spaces of functions and distributions, given in [11, 26] . More precisely, we consider kernels related to integral representations of analytic pseudo-differential operators to deduce their continuity properties. When the corresponding symbols belong to suitable (weighted) Lebesgue spaces of semi-conjugate analytic functions, we prove the continuity of the analytic pseudo-differential operators when acting between (weighted) Lebesgue spaces of analytic functions. Moreover, by using the relationship between the Bargmann transform and the short-time Fourier transform we show that our results can be used to recover well-known (sharp) continuity properties of (real) pseudo-differential operators with symbols in modulation spaces which act between other modulation spaces, see [23, 25, 28] . We emphasize that our approach here is more general, because we have relaxed the assumptions on the involved weight functions, compared to earlier contributions.
Analytic pseudo-differential operators, considered in [4] by Berezin are well-designed when considering several problems in analysis and its applications, e. g. in quantum mechanics. In the context of abstract harmonic analysis it follows that any linear and continuous operator between Fourier invariant function and (ultra-)distribution spaces may, in a unique way, be transformed into an analytic pseudo-differential operator by the Bargmann transform (see Section 2) . An advantage of such reformulations is that all of the involved objects are essentially entire functions and thereby possess several strong and convenient properties.
The definition of analytic pseudo-differential operators resembles the definition of real pseudo-differential operators. In fact, let apx, ξq be a suitable function or (ultra-)distribution on the phase space R 2d . Then the (real) pseudo-differential operator Oppaq acting on suitable sets of functions or (ultra-)distributions on the configuration space Here the integral in (0.1) should be interpreted in a distributional (weak) sense, if necessary, and we refer to [15] or Section 1 for the notation. Suppose instead that a is a suitable semi-conjugate entire (analytic) function on C dˆCd -C 2d , i. e. pz, wq Þ Ñ apz, wq is an entire (analytic) function. Then the analytic pseudo-differential operator Op V paq acting on suitable entire functions F on C d is given by F pzq Þ Ñ pOp V paqF qpzq "
apz, wqF pwqe pz,wq dµpwq.
Here dµpwq is the Gauss measure π´de´| w| 2 dλpwq, where dλpwq is the Lebesgue measure on C d , and pz, wq " ř d j"1 z j¨wj , when z " pz 1 , . . . , z d q P C d , and w " pw 1 , . . . , w d q P C d . This means that the operator kernel (with respect to dµ) is given by Kpz, wq " K a pz, wq " apz, wqe pz,wq . (0.3)
Evidently, pOp V paqF qpzq is equal to the integral operator
Kpz, wqF pwq dµpwq (0.4) with respect to dµ, when K is given by (0.3). By the analyticity properties of the symbol a it follows that pz, wq Þ Ñ Kpz, wq is an entire function on C 2d . In [4, 25] several facts of analytic pseudo-differential operators are deduced. For example, if a and F are chosen such that z Þ Ñ apz,¨qF¨e pz,¨q is locally uniformly bounded and analytic from C d to L 1 pdµq, then Op V paqF in (0.2) is a well-defined entire function on C d . In [4, 25] it is also observed that pOp V pz j qF qpzq " z j F pzq and pOp V pw j qF qpzq " pB j F qpzq (0. 5) when F P L 1 pdµ 1 q X ApC d q, and dµ 1 pwq " p1`|w|q dµpwq.
In such setting we study the mapping properties for complex integral operators and pseudo-differential operators when respectively K " K a and a above belong to suitable classes of semi-conjugate entire functions. In fact, we permit more generally that K and a belong to suitable classes of formal semi-conjugate analytic power series expansions. That is, Kpz, wq and apz, wq are of the forms ÿ α,β c K pα, βqe α pzqe β pwq and ÿ α,β c a pα, βqe α pzqe β pwq, e α pzq " z α ? α! , respectively. To set the stage for our study we collect the background material in Section 1. It contains a brief account on weight functions, GelfandShilov spaces, spaces of Hermite functions and power series expansions, modulation spaces, and Bargmann transform and spaces of analytic functions. Especially, we recall basic facts for the spaces 6) and their Bargmann duals
when s, σ ą 0. The spaces in (0.6) consist of all formal power series respectively, for every (for some) h, r ą 0. In Section 2 we extend the definition of (0.4) to allow the kernels K to belong to any of the spaces
and their duals
where u A 5σ pC 2d q " t K ; pz, wq Þ Ñ Kpz, wq P A 5σ pC 2d q u, and similarly for the other spaces in (0.9) and (0.10). In the end we prove that if s ą 0 or s " 5 σ , then the integral operators in (0.4), , then the spaces of power series expansions above can be identified with certain spaces of analytic and semi-conjugate analytic functions. For example we have
σ`1 for some r ą 0 u, σ ą 0,
z| 2´r |z| 1 2s for some r ą 0 u
z| 2`r |z| 1 2s for every r ą 0 u
σ´1 for every r ą 0 u, σ ą 1,
and similarly for u A s pC 2d q and u A 1 s pC 2d q. In particular, the mappings (0.11) and (0.12) can be formulated in terms of those function spaces.
If instead s P p0, 1 2 s and σ ą 0, and t P C, then Kpz, wq Þ Ñ Kpz, wqe tpz,wq is homeomorphic on 
and q ď p,
By slightly modifying the definition of G K,ω we also deduce another similar but different continuity result where the condition q ď p above is removed (cf. Theorem 3.5).
We also present some consequences of these results. Theorem 3.4 can be considered as a special case of Theorem 3.3 formulated by analytic pseudo-differential operators instead of integral operators. Theorems 3.8 and 3.9 are obtained by imposing conditions on moderateness on ω, ω 1 and ω 2 above and translating Theorem 3.3 and 3.5 to real pseudo-differential operators via the Bargmann transform and its inverse. These approaches show that obtained continuity results on analytic pseudo-differential or integral operators might be suitable when investigating real pseudo-differential operators. In fact, Theorems 3.8 and 3.9 agree with the sharp results [24, Theorem 3.3] , [27, Theorem 3.1] and [28, Theorem 2.2] in the Banach space case. Remark 3.10 in the end of Section 3 shows that our approach can be used to extend the latter results on real pseudo-differential operators to include situations with non-moderate weights. We note that the moderate condition on weights may in some situations be significantly restrictive (cf. Remark 1.14 in Section 1).
Preliminaries
In this section we recall some facts on involved function and distribution spaces as well as on pseudo-differential operators. In Subsection 1.1 we introduce suitable weight classes. Thereafter we recall in Subsections 1.2-1.4 the definitions and basic properties for Gelfand-Shilov, Pilipović and modulation spaces. Then we discuss in Subsection 1.5 the Bargmann transform and recall some topological spaces of entire functions or power series expansions on C d . The section is concluded with a review of some facts on pseudo-differential operators. Here and in what follows we write Apθq À Bpθq, θ P Ω, if there is a constant c ą 0 such that Apθq ď cBpθq for all θ P Ω. If ω is a moderate weight on R d , then by [25] and above, there is a submultiplicative weight v on R d such that (1.1) and (1.2) hold (see also [13, 25] 
is finite for some h ą 0 (for every h ą 0). Here the supremum should be taken over all α, β P Gelfand-Shilov spaces and their distribution spaces can also be characterized by estimates of short-time Fourier transform, (see e. g. [14, 21, 26] ). More precisely, let φ P S pR d q be fixed. Then the shorttime Fourier transform V φ f of f P S 1 pR d q with respect to the window function φ is the Gelfand-Shilov distribution on R 2d , defined by ), φ P S s pR d qz0 (φ P Σ s pR d qz0) and let f be a Gelfand-Shilov distribution on R d . Then the following is true:
for some r ą 0 (for every r ą 0).
for every r ą 0 (for some r ą 0).
Spaces of Hermite series and power series expansions.
Next we recall the definitions of topological vector spaces of Hermite series expansions, given in [26] . As in [26] , it is convenient to use suitable extensions of R`when indexing our spaces.
The sets R 5 and R 5 are given by
Moreover, beside the usual ordering in R, the elements 5 σ in R 5 and R 5 are ordered by the relations x 1 ă 5 σ 1 ă 5 σ 2 ă x 2 , when σ 1 , σ 2 , x 1 and x 2 are positive real numbers such that x 1 ă . Definition 1.3. Let p P r1, 8s, s P R 5 , r P R, ϑ be a weight on N d , and let ϑ r,s pαq "
(2) ℓ 0,0 pN d q " t0u, and ℓ 0 pN d q is the set of all sequences tc α u αPN d Ď C such that c α ‰ 0 for at most finite numbers of α;
d q is the Banach space which consists of all sequences Let p P r1, 8s, and let Ω N be the set of all α P N d such that |α| ď N. Then the topology of ℓ 0 pN d q is defined by the inductive limit topology of the sets
with respect to N ě 0, and whose topology is given through the seminorms
It is clear that these topologies are independent of p. Furthermore, the topology of ℓ 1 0 pN d q is defined by the semi-norms (1.9). It follows that ℓ 1 0 pN d q is a Fréchet space, and that the topology is independent of p. Next we introduce spaces of formal Hermite series expansions
and power series expansions
which correspond to
We consider the mappings
c α e α (1.14)
between sequences, and formal Hermite series and power series expansions.
and 16) are the images of T H and T A respectively in (1.14) of corresponding spaces in (1.12). The topologies of the spaces in (1.15) and (1.16) are inherited from the corresponding spaces in (1.12).
Since locally absolutely convergent power series expansions can be identified with entire functions, several of the spaces in (1.16) are identified with topological vector spaces contained in ApC d q (see Theorem 1.9 below and the introduction). Here ApΩ 0 q is the set of all (complex valued) functions which are analytic in
We recall that f P S pR d q if and only if it can be written as (1.10) such that |c α | À xαy´N , for every N ě 0 (cf. e. g. [19] ). In particular it follows from the definitions that the inclusions
are dense.
Remark 1.5. By the definition it follows that T H in (1.14) is a homeomorphism between any of the spaces in (1.12) and corresponding space in (1.15), and that T A in (1.14) is a homeomorphism between any of the spaces in (1.12) and corresponding space in (1.16).
The next results give some characterizations of H s pR d q and H 0,s pR d q when s is a non-negative real number.
for some h ą 0 (every h ą 0). Moreover, it holds
, 8q,
We refer to [26] for the proof of Proposition , Proposition 1.6 was proved already in [17, 18] .
Later on it will also be convenient for us to have the following definition. Here we let F pz 2 , z 1 q and F pz 2 , z 1 q be the formal power series ÿ cpα 2 , α 1 qe α 2 pz 2 qe α 1 pz 1 q and ÿ cpα 2 , α 1 qe α 2 pz 2 qe α 1 pz 1 q, (1. 19) respectively, when F pz 2 , z 1 q is the formal power series ÿ cpα 2 , α 1 qe α 2 pz 2 qe α 1 pz 1 q.
(1.20)
, and the sums should be taken over all pα 2 , α 1 q P
and Θ C,2 be the operators 
The following results are now immediate consequences of Theorems 4.1, 4.2, 5.2 and 5.3 in [26] and Definition 1.7. Here let 
).
d 1 q such that |K| À κ 2,r,s 2 for every r ą 0 (for some r ą 0).
By Remark 1.8 it follows that Theorem 1.9 remains true after the spaces in (1.21) are replaced by corresponding spaces in (1.16).
Modulation spaces.
Before giving the definition of a broad family of modulation spaces, we make a review of mixed normed spaces of Lebesgue types, adapted to suitable bases of the Euclidean space R d . Let E be the ordered basis te 1 , . . . , e d u of R d . Then the ordered basis
The corresponding parallelepiped, lattice, dual parallelepiped and dual lattice are given by
are the images of the standard basis under T E and T E 1 " 2πpT´1 E q t , respectively.
In the following we let 
, are inductively defined as
is finite, and is called E-split Lebesgue space (with respect to p).
Next we discuss suitable conditions for bases in the phase space R 2d . We let σpX, Y q be the standard symplectic form on the phase space, given by σpX, Y q " xy, ξy´xx, ηy, X " px, ξq P R 2d , Y " py, ηq P R 2d .
We notice that if
is the standard basis of R 2d , then σpe j , e k q " 0, σpe j , ε k q "´δ j,k , and σpε j , ε k q " 0, ( 
is finite.
We remark that if φpxq " π´d 4 e´1 2¨| x| 2 and f P H p`1 p 1 " 1. Proposition 1.13. Let E be an ordered basis for R 2d , p P r1, 8s 2d and let ω, v P P E pR 2d q be such that ω is v-moderate. Then the following is true:
(
Proposition 1.13 follows by similar arguments as in Chapters 11 and 12 in [12] (see also [25, 26] ). Remark 1.14. In some sense, the variable x at the weight ωpx, ξq in the definition of modulation spaces quantify growth and decay properties for the involved functions or distributions. In the same way the variable ξ quantify regularity or lack of regularity for the involved functions or distributions.
By the analysis in [26] it follows that there are no bounds on how fast V φ f may grow or decay at infinity when φpxq " π´d 4 e´1 2¨| x| 2 is fixed, x P R d , and f is taken in the class H
Since weights in P E pR 2d q are bounded by exponential functions, the restrictions of the weights in Proposition 1.13 are significantly stronger compared to what is the case in Proposition 1.12. A question here concerns wether it is possible to extend parts of Proposition 1.13 to larger weight classes than P E pR 2d q or not.
It seems that the invariance properties (2) in Proposition 1.13 concerning the choice of weight function are not possible for weights that are not moderate. On the other hand, (1) and (4) in Proposition 1.13 hold true for certain weights outside P E pR 2d q. In fact, in [25] , certain weight classes which contain P E pR 2d q as well as weights of the form ωpx, ξq " e˘r
when r ą 0 and s ą are introduced. For corresponding (broader) families of modulation spaces it is then proved that Proposition 1.13 (1) and (4) hold true (with some modifications). We notice that if f P L p pR d q for some p P r1, 8s, then V d f is the entire function given by
which can also be formulated as 
For future references we note that the latter scalar product induces the bilinear form pF, Gq Þ Ñ xF, Gy A 2 " xF, d`1 , . . . , e 2d , e 1 , . . . , e d u where e 1 , . . . , e 2d is the standard basis for R 2d and p 1 "¨¨¨" p d " q P r1, 8s and p d`1 "¨¨¨" Finally, the SCB transform (i. e. the Semi Conjugated Bargmann transform),
. Evidently, all properties of the Bargmann transform carry over to analogous properties for the SCB transform. Assume that E is a basis for R 2d 2ˆR 2d 1 , p P r1, 8s 2d 2`2 d 1 , p, q P p0, 8s and that ω is a weight
q under the map Θ C,1 with the topology defined by the norm
The spaces
and their norms, and the scalar product p¨,¨q u A 2 are defined analogously.
1.6. Pseudo-differential operators. Next we recall some properties in pseudo-differential calculus. Let Mpd, Ωq be the set of dˆd-matrices with entries in the set Ω, a P Σ 1 pR 2d q, and let A P Mpd, Rq be fixed. Then the pseudo-differential operator Op A paq is the linear and continuous operator on Σ 1 pR d q, given by
(1.37) For general a P Σ in (1.14) , the following lemma is an immediate consequence of these duality properties. The result is also implicitly given in [7, 26] .
Lemma 2.1. Let s P R 5 . Then the following is true:
(1) the form pF, Gq Þ Ñ pF, Gq A 2 from A 0 pC d qˆA 0 pC d q to C is uniquely extendable to continuous forms from A s pC d qˆA The following two propositions follow by applying V Θ,d 2 ,d 1 on Theorem 3.3 and 3.4 in [7] , and using Lemma 2.1. The details are left for the reader.
holds true;
Then the following is true: 
uniquely to a linear and continuous map from
Next we recall the definition of analytic pseudo-differential operators. (See [25, Definition 6.20] in the case t " 0, as well as [3, 4] .)
Then the analytic pseudodifferential operator Op V paq (AΨDO) with symbol a is given by
By the definition it follows that the relation between the operator kernel K and the symbol a is given by Kpz, wq " e pz,wq apz, wq, z, w P C d , provided the multiplication on the right-hand side makes sense.
20
This leads to the question about mapping properties of T t defined by pT t aqpz, wq " e tpz,wq apz, wq, z, w P C d , t P C (2.
is the same as in (1.14) then we shall investigate the map T 0,t in the commutative diagram:
(2.5)
where |cpα, βq| À r |α`β| a α!β! (2.6) for every r ą 0. Since
we have e tpz,wq apz, wq " ÿ
where
We shall prove that the series in (2.7) is locally uniformly convergent with respect to t, z and w. If |t| ă R, |z| ă R and |w| ă R for some fixed R ą 0, then by (2.6) we get
is convergent when r is chosen strictly smaller than R´1, the asserted uniform convergence follows from Weierstass' theorem.
In particular, we may change the order of summation in (2.7) to obtain pT t aqpz, wq " ÿ
where pT 0,t cqpα, βq " ÿ γďα,β cpα´γ, β´γqt |γ|ˆˆα γ˙ˆβ γ˙˙1
{2
, t P C, (2.9) and we have identified T 0,t in the diagram (2.5).
We have now the following:
Proposition 2.5. Let t P C, s, s 0 P R 5 be such that s ă 1{2 and 0 ă s 0 ď 1{2, and let T 0,t be the map on ℓ 1 0 pN 2d q given by (2.9). Then T 0,t is a continuous and bijective map on ℓ 
and the continuity of T 0,t on ℓ 1 0 pN 2d q follows. By straight-forward computations it also follows that T 0,´t is the inverse of T 0,t , which gives asserted homeomorphism properties of T 0,t on ℓ It remains to consider the case when s " s 0 " 5 σ for some σ ą 0. Assume that
for some constants C, r ą 0. Then
where C r ą 0 only depends on C and r. This shows that T 0,t is continuous on ℓ 1 5σ pN 2d q and on ℓ 1 0,5σ pN 2d q.
We have now the following: Theorem 2.6. Let t P C, s, s 0 P R 5 be such that s ă , and let T t be given by (2.4) when a P u A Proof. By the commutative diagram (2.5) we have
and letting T t a " pT 1˝T0,t˝T´1 1 qa for general a P u A 1 0 pC 2d q, the continuity assertions follow from Proposition 2.5.
It remains to prove the uniqueness. Let a P u A 1 0 pC 2d q, b P u A 0 pC 2d q, with the corresponding expansion coefficients c a pα, βq, and c b pα, βq, respectively, and let c Tta pα, βq be the coefficients of
If c a j pα, βq denote the coefficients in the expansion of a j , j P N, then it follows from (2.10)
by taking bpz, wq " e α pzqe β pwq. The uniqueness follows if we prove that
Let the coefficients of T t a j be denoted by c t,a j pα, βq, α, β P N d . By (2.9) and (2.11) we get c t,a j pα, βq Ñ c t,a pα, βq as j Ñ 8, for every pα, βq P N 2d , and (2.12) follows since ). Then the following is true:
(1) If T is a linear and continuous map from A
z´w| 2´r p|z| z´w| 2`r p|z|
14)
for every (for some) r ą 0 and T " Op V paq. ). Then the following is true:
(1) If a P u ApC dˆCd q satisfies (2.13) for some (for every) r ą 0, then Op V paq from A 0 pC d q to A for some r ą 0. In the same way,
|z´w| 2 q`rp|z|
for every r ą 0. The results now follows from these relations and Propositions 2.2 and 2.3
Remark 2.11. For strict subspaces of u A 1 0,1{2 pC d q in Definition 1.7, the estimates imposed on their elements are given by (1.23) or by (1.24) for suitable assumptions on r ą 0. It is evident that in all such cases, these conditions are violated under the action of T t in Theorem 2.6 when t ‰ 0. Hence, Theorem 2.6 cannot be extended to other spaces in Definition 1.7.
In particular, the conditions (2.13) and (2.14) in Theorems 2.9 and 2.10 can not be replaced by the convenient condition that a should belong to e. g. . On the other hand, the conditions on a in Theorems 2.9 and 2.10 means exactly that pz, wq Þ Ñ e pz,wq apz, wq belongs to the spaces in (2.15), depending on the choice between (2.13) and (2.14), and the condition on r.
Remark 2.12. Let s P R 5 be such that s ď 1 2 . By similar arguments as in the proofs of Theorems 2.9 and 2.10, one may also characterize linear and continuous operators from A 
Operators with kernels and symbols in mixed weighted
Lebesgue spaces
In this section we focus on operators in the previous section, whose kernels should belong to u ApC dˆCd q and obey certain mixed norm estimates of Lebesgue types. We deduce continuity properties of such operators when acting between suitable Lebesgue spaces of analytic functions. (See Theorems 3.3-3.5.) Thereafter we show that our results can be used to regain well-known and sharp continuity results in [27] for pseudo-differential operators with symbols in modulation spaces when acting on other modulation spaces. (See Theorems 3.8 and 3.9.) A key step here is to deduce an explicit formula which relates the short-time Fourier transform of the symbol to a real pseudo-differential operator Oppaq with the Bargmann transform of the kernel to Oppaq. (See Lemma 3.7.)
We shall consider Lebesgue norm conditions of matrix pull-backs of the involved kernels. Let Mp2d, Rq,
Mp4d, Rq, j, k, l P Z`, 
x, x j , ξ, ξ j P R d , z, w P C d , j " 1, 2.
(3.2)
We will consider continuity of operators from A d and p, q, r, p 0 , q 0 , r 0 P r1, 8s satisfy p 0 ď p k , p k ď p, q 0 ă q k , q k ă q and r k " r, k P t1, . . . , du.
Remark 3.1. We notice that (3.1)-(3.6) implies that C is invertible and that one of the following conditions hold true:
(1) both C 11 and C 21 are invertible;
(2) both C 12 and C 22 are invertible. If (1) Obviously, the map which takes C 0 P Mpd, Cq into the matrix (3.7) in Mp2d, Rq is injective, but not bijective. In this way we identify Mpd, Cq with the set of all matrices in Mp2d, Rq which are given by (3.7) for some C 0 P Mpd, Cq. If C jk P Mp2d, Rq and T jk " U´1 d˝C jk˝Ud , then G K,C,ω in (3.2) is given by G K,C,ω pz, wq " K ω pT 11 pzq`T 12 pwq, T 21 pzq`T 22 pwqq, z, w P C d .
previous condition is the same as }V φ A a¨ω 0 } L p,q ă 8 because ω 0 is moderate. We observe that all weights in Theorem 3.8 are moderate, while there are no such assumptions or other restrictions on the involved weight functions in Theorem 3.3. Since the latter result is used to prove the former one, a natural question is wether Theorem 3.8 can be extended to broader classes of weight functions. In view of Remark 1.14, it is evident that the imposing moderate conditions on weights might in some context be considered as strong restrictions.
The answer on this question is affirmative in the sense that for suitable modifications, the moderate conditions on the weights in Theorem 3.8 can be removed.
In fact, let H In similar ways, Theorem 3.9 can be extended to permit more general weight classes.
